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ABSTRACT 
If E is a locally K-convex space such that its strong dual is metrizable, then E has the lifting 
property with respect to the class of all nuclear non-archimedean Frechet spaces. 
5 1. INTRODUCTION 
Throughout this paper K stands for a field with a (non-trivial) non- 
archimedean valuation, under which it is complete. We consider locally 
K-convex spaces (i.e. non-archimedean (n.a.) locally convex spaces over K). All 
the definitions and basic properties about such spaces are taken from [lo]. They 
will be used without further reference. 
If E is a locally K-convex space we denote by U, and PE a fundamental 
system of zero-neighborhoods in E and the family of n.a. semi-norms deter- 
mining the topology of E. By L(E, F) is meant the vector space of all continuous 
linear mappings from E to F. 
A locally K-convex space is called n.a. nuclear if VUE U,, WE U,, V/c U 
such that the canonical mapping r~~,~:l$~& is compactoi’d. N.a. nuclear 
spaces are studied in [5]. Finally we denote by (NF) the class of all n.a. nuclear 
Frechet spaces. 
This class is closed for subspaces and separated quotients (see [5]). 
In this paper we deal with the lifting property. I.e. given locally K-convex 
spaces X and E, we say that X has the lifting property with respect to E if: VF 
closed subspace of E, Vf E L(X, E/F), Zg E L(X, E) such that xog =f, where n 
is the canonical surjection 71: E-+E/F. 
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More generally let (K) be a class of locally K-convex spaces which is stable 
for closed subspaces and quotients. We say that a locally K-convex space X is 
projective with respect to (K) if X has the lifting property with respect to every 
element of (K). 
For the class (B) of all n.a. infinite dimensional Banach spaces over K the 
following results are known (see [9]): 
i) A n.a. Banach space X is projective with respect to (B) if and only if X has 
a basis. 
ii) If the valuation on K is discrete, then every n.a. Banach space is projective 
with respect to (B). 
We are interested here in projectivity with respect to the completely different 
class (NF). 
After some introductory properties (8 2, P 3) we obtain in § 4 that the n.a. 
Banach space co is projective with respect to (NF). 
Finally (0 5) we prove that if K is spherically complete every locally K-convex 
space E, the strong dual of which is metrizable, is projective with respect to 
(NF). We also state some consequences and some examples. 
5 2. LIFTING OF COMPACTOID SUBSETS 
2.1. DEFINITION. A subset B of a locally K-convex space E, U, is said to be 
compactoid if for every UE U, there exists a finite subset S of E such that 
BcC(S)+ u. 
2.2. PROPOSITION (see [7]). A non-empty K-convex subset B of E is com- 
pactoid if and only if 
VUEU,, VozeK, la[>l, FlScB, 
S finite such that B c a. C(S) + U. 
(C(S)is he K-convex hull of S). 
2.3. PROPOSITION ’ Let E be a n.a. Frechet space and B a subset of E. Then 
B is compactoid if and only if there exists a sequence (Xi) in E with lim Xi=0 
such that 
BC( E lZiXi I AiEK, /AilSI, Vi}. 
i=l 
PROOF. Take UE U, then there exists is such that XiE U for i>io. Then 
A={ ‘f AiXiIAiEKy lli[Sl, Vi}CC{X~,...,Xi,)+U. 
i=l 
So A is compactoid and so are all its subsets. Conversely suppose that B is a 
compactoid subset of E and let U,= (U&= 1,2, .., where Uk+ 1 C Uk, V/c. 
’ This result is proved for n.a. Banach spaces in [9] p. 139, but the methods used there do not 
work for n.a. Frechet spaces. 
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Then for a EK, la/ > 1 fixed we have XSr CB, Sr finite such that 
BC U, + aC(&). 
Put B1 = [B - aC(&)] f7 U1. 
Then B1 is compactoid and therefore ZlS2c B,, ST finite such that 
B1 c U, + aC&) . 
Put B2 = [B, - aC&)] fl U, and so on. 
If now x E B, then - with obvious notations - 
x=u,+a ; nix,! 
i=l 
with 
x-a ii, ~i’xi’=ulEU,n[B-aC(s,)l=B,. 
Hence 
“I n2 
x-a c /li’x;=u2+a c #xf 
i=l i=l 
and again 
“I 
u2=x-a C #xi’-a z AfxfeB3 
i=l i=l 
where 
B3 = U, n [Bz - aC(S,)] etc. . . . 
Finally we obtain a sequence 
(Jq)=(X;,X;, . . . . x&,x? ,..., xi2,x: ,...) xi, ...) 
with lim yi = 0 and we obtain for x E B: 
X= ic, /-daYi) with I,4 5 1. 
2.4. PROPOSITION (see [6]). Let E be a complete metrizable topological 
space and R an open equivalence relation on E. Then every convergent sequence 
in E/R is the canonical image of a convergent sequence in E. 
2.5. PROPOSITION. Let E be a n.a. Frechet space and F a closed subspace of 
E. Then for every compactoid subset A of E/F there exists a compactoid subset 
B of E such that A is the canonical image of B. 
PROOF. Since the canonical mapping rc: E+E/‘F is open. The proposition 
follows immediately from 2.3 and 2.4. 
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2.6. COROLLARY. If E is a n.a. nuclear Frechet space and F is a closed 
subspace of E, then every bounded subset of E/F is the canonical image of a 
bounded subset in E. 
PROOF. E/F is again a n.a. nuclear Frechet space and in such a space every 
bounded subset is compactoid (see [5]). 
$3..SPACESOFLINEAROPERATORSASSEQUENCESPACES 
3.1. PROPOSITION. If A is a perfect n.a. sequence space, having the normal 
topology @$/lx) (see [l]). 
Then the vector spaces L(A,E) and A”(E) (see [2] for the definition of 
A ’ (E)) are isomorphic. 
PROOF. Let e, be the nth coordinate vector in A. 
For f~ L(A, E) we put f(e,) =x,. 
Then, for (a,) E A, we have (a,) = C,“= 1 a,e,, . 
So f((a,)) = Cz=, anxn is a convergent series which means that 
VP E PE: lim ja,lp(x,) = 0. 
Hence (x,) E A ’ (E). 
We define T: L(A, E)+A ‘(E) by 
W) = (x,) = We,)). 
Then T is obviously linear and injective. 
We show that T is surjective. 
Let (t,)~/i~(E) and define f:A-+E by 
f(@J)= j, a,L (a,)EA. 
Then f is well defined because 
p(%hk% PEPE, vh%)E~. 
Also f is linear and obviously T(f) = (t,). 
In order to prove that f is continuous, take PE PE. We first remark that 
there exists a real number Q> 1 such that for every integer n we can find in K 
an element yn with 1~~1 =en (see [lo]). 
Then for each n with p&J 20 we have 
Z7ni such that .@Q-’ sp(t,) c eni. 
Define now (6,) by 
6, = yn,- r if n is such that p(t,) #O 
=o otherwise 
Then for (a,) E A: 
02s /a&J I la,)p(t,)+O as n+oo. 
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which proves the continuity off. 
3.2. COROLLARY. The vector spaces L(cO,E) and I”(E) are isomorphic. 
Indeed: I” =c$ and n(ce,P) is the norm-topology on co (see [l]). 
Q 4.THELIFTINGPROPERTYFORco 
4.1. LEMMA. Let A be as in 3.1 and let G = E/F the quotient of a locally K- 
convex space E by a closed subspace F. If rr : E--+G is the canonical surjection 
then there exists a linear mapping 
@:L(A,E)-+L(A, G): f--+nof 
PROOF. Obvious. 
4.2. LEMMA. Let A be a perfect n.a. sequence space and let X and Y be 
locally K-convex spaces. Then for every gEL(X, Y) there exists a linear 
mapping 
g:d(x)-,d(Y) 
defined by g((x,)) = (g(x,)). 
PROOF. Take (x,) E d(X), (a,) E A ’ and q E Py. Then there exists p E Px such 
that 
so ~dx,N E4Y)* 
The linearity of g is obvious. 
4.3. LEMMA. With the same notations as above we obtain a commutative 
scheme: 
~34 E) -% L(A, G) 
A”(E) L A”(G) 
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PROOF. RO T(f) = ~(df(e,))) = (nof(e,)) = T’(n0.f) = T’o @cf). 
4.4. COROLLARY. /1 has the lifting property with respect to E if the 
mapping it is surjective. 
PROOF. Indeed it is surjective if and only if Cp is. And this means exactly that 
/1 has the lifting property. 
3.5. PROPOSITION. The space co is projective with respect to the class (NF). 
PROOF. By 4.4 we only have to prove that for every (t,) E I”(G), E E (NF), 
G = E/F, there exists (x,) E l”(E) such that 
it(W) = (GJ. 
This follows immediately from 2.6. 
0 5.FACTORIZATIONOFCONTINUOUS LINEARMAPS 
5.1. DEFINITION (see [2]). A linear mapping f : E+F is called compactifying 
if ftransforms bounded subsets of E into compactoi’d subsets of F. We denote 
by CF(E,F) the vector space of the compactifying mappings from E to F and 
we provide CF(E, F) with the topology of uniform convergence on bounded 
sets. 
5.2. PROPOSITION. If K is spherically complete and E and F are locally K- 
convex spaces such that F is a na. Frechet space and Ei (the strong dual of E) 
is metrizable, then the following are equivalent: 
i) f E CF(E, F) . 
ii) There exist (a,) E c,(Ej) and (y,) E co(F) such that 
f(x) = i 0, a, >Y,, x E E. 
n=l 
iii) There exists a factorization 
with v, E CF(E, co) and y E L(co, F). 
PROOF. iii) * i): Trivial. 
ii) * iii): Let f be written as in ii). 
Put p(x)=((x,a,)),. Then V)E CF(X,co) by [2] Prop. 19. 
Define further t,u : co-+F by w(e,) = yn. 
Then WEL(CO,F) by 3.1. 
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Finally I,VO~J =f. 
i) *ii): We know that CF(E,F) =.E@P’ (see [2] prop. 5 and 6 and also [3]). 
This identification is defined, on dense subsets, by 
f(x)= ;: (x,a,)y,++u= 
k 
c %OY,. 
n=l ll=l 
The conclusion now follows from the fact that every element u of Ej@F can 
be written as u = CF= 1 a,@yn with (a,) E c&!?;) and (y,) E c,(F) (see [S]). 
5.3. PROPOSITION. Let K, E and F be as in 5.2. 
If moreover F is nuclear, then every linear operator f: E-+F factors through 
co as in 5.2. 
PROOF. Every bounded subset of F is now compactoid (see [5]), so L(E, F) = 
= CF(E, F) , 
5 6.PROJECTIVELOCALLYK-CONVEXSPACES 
6.1. LEMMA. Suppose Y is a locally K-convex space which has the lifting 
property with respect to E. If X is a locally K-convex space such that every 
f E L(X, E/F) factors continuously through Y. Then X has the lifting property 
with respect to E. 
PROOF. This follows immediately from the following scheme, in which the 
notations are obvious 
Y-E 
Wl 
6.2. THEOREM. If K is spherically complete then every locally K-convex 
space, which has a metrizable strong dual space, is projective with respect to 
the class (NF). 
PROOF. Let X be a locally K-convex space such that Xb is metrizable. Take 
E E (NF), let F be a closed subspace of E and take f E L(X, E/F). 
Then (since E/FE (NF)) we have that f c CF(X, E/F). 
By 5.2 we obtain a factorization 
CO 
for every f e L(X, E/F). 
Since co is projective with respect to (NF) (see (4.5)), the result follows 
from 6.1. 
253 
6.3. COROLLARIES - EXAMPLES. Suppose K is spherically complete. Then 
i) Every n.a. Banach space is projective with respect to (NF). 
ii) Every n.a. (OF) space is projective with respect to (NF). 
iii) More generally, if X has a fundamental sequence of bounded sets, then X 
is projective with respect to (NF). 
iv) Numerous explicit examples of non-normable spaces X with metrizable 
strong dual can be found in [4]. 
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